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1. INTRODUCTION 
The deformation theory of formal groups has been developed by Lubin and Tate in [6]. 
They showed that the deformation functor for a formula group of height n over a field k of 
characteristic p is representable and constructed the formal group over W(k) 
Ku 1, ... 3 u, _ 1]] which is the universal deformation of the initial formal group. Here W(k) is 
the ring of Witt vectors. This was done by introducing a suitable deformation complex 
whose second cohomology group is the set of equivalence classes of infinitesimal deforma- 
tions and then showing that all obstructions vanish. Actually, Lubin and Tate did not 
introduce the whole deformation complex for it was not relevant to deformations, but we 
feel it might be useful, especially for topological applications. 
Lubin and Tate restrict themselves to the case of a formal group over a field. However, if 
we start with a formal group over a ring, such as 2, the integers, the deformation complex 
makes perfect sense and its second cohomology group classifies the infinitesimal deforma- 
tions of the initial group, just as in the case over a field. It turns out that the infinitesimal 
deformations over the integers are in a number of cases quite different from those over F,,, 
the field of p elements. Namely, if our formal group does not have nontrivial homomor- 
phisms into the additive group, then the group of infinitesimal deformations will have 
a summand of the form z/Z, where 2 is the profinite integers. This summand always 
represents trivial cocycles modulo p. For instance, the multiplicative group 
F(x, y) = x + y + xy has no nontrivial infinitesimal deformations over Fp, but has plenty 
(uncountable family) over the integers. 
We would like to point out that unlike other deformation problems, here there 
are no obstructions, thanks to Lazard’s theorem saying that the ring of the universal 
formal group is free polynomial, so any infinitesimal deformation (that is the 
deformation over the ring of dual numbers) can be lifted to a deformation over a polynomial 
ring. 
We investigate the cohomology of the group F(n), the standard height n formal group 
that corresponds to the integral version of Morava K-theory K(n) and give its complete 
description and representatives of the classes of infinitesimals in the standard complex. We 
also describe infinitesimals of the formal group corresponding to connective Morava 
K-theory. 
Using these results together with Landweber’s Exact Functor Theorem we construct an 
uncountable family of deformations of cohomology theories that might be considered as 
deformations of complex K-theory. After suitable completions all these spectra split as 
products of some well-known spectra. Actually, it is possible to develop the deformation 
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theory for spectra, and the above-mentioned eformations are not “flat” in some sense. We 
hope to return to these questions in a future paper. 
By way of applications notice that the deformation theory of formal groups is a natural 
framework for proving different splitting theorems. Namely, the results of [2,12] on 
splitting of different spectra related to BP is simply the manifestation of the fact that certain 
deformations of formal groups are trivial. 
To conclude this introduction, we will see that the deformation complex of a for- 
mal group F coincides with the &-term of the bar spectral sequence converging to E* 
(K(Z, 3)), where E is the cohomology theory with formal group F (if it exists). Using this fact 
we give a linear approximation of the action of the nth Morava stabilizer group of K*(n) 
(K(Z, 3)). 
Throughout the paper F, will denote the field with p elements, Q is the field of rationals, 
Z, and ZtPj the ring of p-adic integers and the ring of integers localized at the prime p, 
respectively. 
SECTION 2 
In this section we recall briefly the main definitions and theorems which we need, 
referring the reader to the book by Hazewinkel [S] or to the Appendix 2 of Ravenel’s 
book [9]. 
Let R be a commutative ring. A commutative formal group over R is a power series 
F(x,y) E R[[x, y]] such that 
F(x,O) = F(0, x) = x 
F(x,Y) = F(Y, 4 
F(x,F(y,z)) = W(X,Y),Z)). 
Let F, G be two formal groups over R. A homomorphism f : F + G is a formal power 
series f(x) = aox + alx2 + ... such that f(F(x,y)) = G(f(x),f(y)). f is called an isomor- 
phism if it is invertible in the sense of composition of power series (i.e. a0 is a unit in R) and 
a strict isomorphism if a0 = 1. A strict isomorphism from F to the additive formal group 
G(x, y) = x + y is called a logarithm of F. A formal group over Q always has a unique 
logarithm. 
If we have a formal group F(x, y) over R and a homomorphism f from R to another ring 
k, then there is a formal group f,(F(x,y)) over k: if F(x,y) = x + y + C~x’y then 
f*(F(x,y)) = X + Y + Cf(@G,j)X’Yj. 
It is easily seen that there exists a ring L and a formal group IL(x, y) over L such that for 
any ring R and any formal group F(x, y) over R there is a unique homomorphism f : L -+ R 
such that f,( IYL(x, y)) = F(x, y). Lazard proved that L is a polynomial ring Z [xi, x2, . . . 1. If 
we consider the universal formal group yl(x, y) = x + y + C Ui,jXiy’ as a graded formal 
group in an obvious sense, giving ai,j the degree -2(i + j - 1) then the polynomial 
generator Xi has degree -2i. 
An easy corollary of Lazard’s theorem is the following lifting 
LEMMA 2.1. For any formal group F(x, y) over R and an epimorphism f : R --+ R there is 
a formal group F(x,y), over R” such that .f,fl(x, y) = F(x, y). 
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We will need the notion of a p-typical formal group. A formal group over a torsion-free 
&,-algebra R is p-typical if its logarithm has the form x + alxP/p + azxpz/pZ + s.9, where 
ai E R. Over a Z,-algebra every formal group is canonically strictly isomorphic to a p- 
typical formal group and there is a universal p-typical formal group (canonically associated 
with TL(x,y)), which we will denote I-,(x, y). Its coefficient ring is Zp[u1,u2, .. . 1, it is 
naturally graded with deg(vJ = - 2(p’ - 1). We will denote this ring BP, because this is 
just the coefficient ring of the Brown-Peterson spectrum. For any p-typical formal group 
F over a ring R there is a unique homomorphism f : BP, + R such that f,(I,) = F. 
For a formal group F(x, y) its m-series [m](x) is defined inductively as 
[m](x) = F(x, [m - l](x)). The mod p reduction of the p-series always has leading term axp” 
for some n and a # 0. The integer n is called the height of F (at the prime p). The height of 
a formal group is an isomorphism invariant of F(x, y). 
SECTION 3 
Dejinition 3.1. Let F(x,y) be a formal group over a ring R. Then a one-parameter 
deformation of F is a formal group F,,(x, y) over the ring R [ [h]] of formal power series in 
one variable h such that 
F,,(x,y) = F(x,y) + hF’(x,y) + h2F2(x,y) + ... 
Two such deformations Fh,F,, are called equivalent if there exists an isomorphism 
F,, -+ P,, of formal groups over R [ [h]] which is identical modulo h. 
Replacing the ring R [[II]] by R[h]/h ’ we obtain the notion of an infinitesimal deforma- 
tion and equivalence between them. The space of equivalence classes of infinitesimal 
deformations being a second cohomology group of some complex, as we will see in 
a moment, carries a natural structure of an R-module. 
The more general notion of a deformation over Spec(A), A is a local ring, induced and 
versa1 deformations go through as usual. 
Remark. A deformation of a formal group is the same as a deformation of the corres- 
ponding Hopf algebra with multiplication being undeformed. 
The deformation complex C*(F(x, y)) looks like this: 
R + R[[xJ] + R[[x,,x,]] + ... + R[[xl, . . . ,x,1] + ... 
Before giving the formula for the differential we have to introduce the following 
notations (which will also be used in the sequel): 
aw, Y) aF(x, Y) 
F,(x,Y) = ax, F,(x,Y) = ~ 
ay 
iiFxi=F(X,,x,) fori= and “i;’ xi=F(ii,Xi,Xk+l). 
i=lF 
Then 
(df)(Xl, ... ,x n+l) = F1 ( iiFxi>xn+l)_f(xl, ... ,xn) 
+ C(-l)‘f(x~, ... ,F(Xi,Xi+l) ... yXn+l) 
+(-l)"+' 
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The justification of this formula is that, as a little computation makes clear, the first 
cohomology group is naturally identified with the infinitesimal automorphisms of F(x, y) 
and the second cohomology group - with the set of equivalence classes of infinitesimal 
deformations of F. 
For instance, let f*(x) = x + hf,(x) + hZf2(x) + ... be a one-parameter family of auto- 
morphisms of F(x, y) which means that 
fh(F(x,y)) = F(fh(x),fh(~)). 
Differentiating this equality with respect o h and setting h = 0 we get 
fi(F(x,y)) = Fi(x,y)fi(x) + F~(x,Y)~~(Y) 
and fi(x) is therefore a 1-cocycle in C*(f(x, y)). The identification of 2-cocycles with 
infinitesimal deformations is obtained analogously using the associativity condition. 
Consider now the usual bar complex ?*(F(x, y)) which coincides with C*(F(x,y)) as 
a graded R-module but with the differential defined by the formula 
(df)(x1, ... ,x,+1) =0x1, ... ,&I) 
+ C(-l)‘f(xi, ... ,F(xi,xi+l) ... ,&+I) + (-l)“+‘f(x2, ... ,%+I). 
We claim that the transformation f -1 where 
“7(x 1, ... ? -h, ... 3X”) 
establishes an isomorphism between complexes C*(F(x, y)) and C* (F(x, y)). Indeed, using 
the easily verified formulas 
F1 (x, Y) = F1 (0,x) - ‘Fi (0, F(x, Y)) 
F,(x,Y) = F,(y,O)-'(F,(F(x,y),O)) = F,(O,y)-'(F,(O,F(x,y))) 
we see that 
+ C(-l)if(~~, ... ,F(xi,xx+l) ... ,Xn+l) 
+ ( -l),+ l F’(0,~~Fxi)-1F,(0,:_~~Xi)f(X2.-..iXn+~) 
(J(Xl, ... TX,) + C( -l)if(Xly *.. J’(XiyXi+l) *.. ,X,+1 ) 
+ (-l)n+1.7(%, ... ,x,+1)). 
Hence 
&(x1, ... ,x.+1) =&%(x1, f.. ,x,) 
+ C(-l)‘{(xl, ... ,F(Xi,Xi+,) ... ,X,+1) + (-l)“+1f(X2, ... >%I+1 ). 
The claim is proved. 
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LEMMA 3.2. Let E be a C-oriented cohomology theory with formal group F(x, y). 
Then there exists a spectral sequence Ei converging to E*(K(Z,3)) such that 
@j Ey = H’(F(X,y)). 
Proof The space CP” is a topological group with classifying space K(Z,3). 
Since E*(CPm x ... x CPm) = E*(CPm) BE, ... &, E*(CPm) we have the bar spectral 
sequence 
Ey = Coto$*(Cpm)(E*, E,) * E*(K(Z, 3)). 
The complex for computing Cotor,+(,rm,( E , E,) is exactly the complex C*(F(x, y)) which * 
by the above claim computes the cohomology of the formal group F(x, y). The lemma is 
proved. Q.E.D. 
In the following technical lemma we express the infinitesimal deformation of the 
logarithm of a formal group in terms of the cocycle corresponding to the infinitesimal 
deformation of the formal group itself. 
Suppose that F(x, y) is a formal group over a ring R. If R is a Q-algebra, then all 
except for the first cohomology group of the complex C*(F(x, y)) vanish, the latter 
being equal to R. It implies that for any ring R without torsion and for any cocycle 
f E Zk(F(x, y)), k > 1 there exists a formal power series f”with coefficients in R @I Q whose 
coboundary is f: 
LEMMA 3.3. Let F,,(x, y) = F(x, y) + hf (x, y) b e an injmitesimal deformation of a formal 
group F(x, y) defined over a ring R without torsion which corresponds to the cocycle 
f (x, y) E R[[x, y]], f is a formal power series with coefficients in R @ Q with d(f”) =f 
g,,(x) = g(x) + hg”(x) is the logarithm of F,,(x, y). Then 
g”(x) =f”(x) - g(x)f”‘(O). 
ProoJ We have the following formula for the logarithm of Fh(x, y): 
gh(X) = s x -!L o Wt, 0) 
whence 
g”(x) = -$&l(x) I s x = - dF& Wdh dt h=O o Fdt,0)2 h=O 
zz- s x s’M2 ; (f (t,y)Fl(O,F(t,y))) dt. 0 y=o 
Now F1 (0, F(t, y)) = FI(t, y)F(O, t) = F1 (t, y)/g’(t), hence the last integral is equal to 
- xg’(t)$(f(t,y)F,(t,y)) 
s 0 IyEodt = - j: 
g'(t) ; (f@,y))Fi(t,y) 
(y=odt 
- xfW) -$W,Y)) dt. s 0 y=o 
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The condition F,,(x, 0) = x gives us f(x, 0) = 0, so the last summand equals zero. Next, 
-$f @>Y)) y=. = f MmY)) 
y=o 
= ; (f”(t) -_m Y)) +.TtY)) =f;(()) f;@) 
y=o s’(t) .
It is easily seen that F,(t,O) = 1. Thus, 
g”(x) = - Xg’(t) f;(O) --B dt =7(x) - g(x)f;(O). J-0 ( a’(r)) Q.E.D. 
Remark. In fact, we can assume that f(x) = g(x) for f”(x) is defined up to a summand of 
the form as(x), a E R 0 Q, so we can always make f’0) = 0. 
We are going to compute H*(F) for different ypes of F. The simplest formal group is, of 
course. the additive one. 
THEOREM 3.4. Let F(x,y) = x + y be the additive formal group over F,. Then 
H*(F) = P(ul,uz, . . . ) @ E(xo,xl, . . . ). Here the letters P and E denote the polynomial and 
exterior algebras, respectively, the element xi is represented in the group Cl(F) = F,[[x]] by 
an element xp’ and the element ui = b(xP’), for i > 0, b is the Bokstein. (Recall that b acts on 
cohomologies of any F,-complex which is a reduction of a complex over the integers.) 
Proof: This is just Cartan’s calculation of H*(K(Z,3)) (cf. [4]). Notice that the bar 
spectral sequence collapses, giving H*(F) = H*(K(Z, 3), FP). Q.E.D. 
Remark. The cohomology of the additive formal group over Zcp) can also be computed 
since we know the action of the Bokstein on H*(K(Z,3),F,). Again this cohomology 
coincides with H*(K(Z, 3), Z,,,). 
We will show now that the element Ui gives rise to a formal group of height i. We expect 
that there is a topological counterpart of this fact. 
F(x,y) is now the additive formal group over Zcp). As we saw the basis of H2(F(x,y)) 
consists of the elements fn = [(x + y)“’ - xp” - p” y I/p. Upon inverting p fn becomes 
a coboundary of 2 = xP”/p. According to the lemma the deformed logarithm has the form 
hxPn 
g?‘(x) = x + p mod h2. 
Denoting the coefficients of the logarithm of the universal p-typical formal group as li and 
applying Hazewinkel’s formula (cf. [S]) 
n-l 
PA, = C AiViii 
i=O 
we see that under the classifying map BP, -+ Zcpj [h]/h’, v, gets mapped to h and all others 
vis go to zero. There is an obvious lifting of this map to the map BP, + Z,,,[h] and we get 
a formal group of height n over the ring Z,[h] with logarithm 
” ,,P”+ lXpzn 
g&c) = x + !!!fr + + 
P 
p2 ... 
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The parameter h has natural grading -2(p” - 1) and this formal group corresponds to 
the Z,,-version of the nth connected Morava K-theory k(n). 
We are now interested in cohomology of the formal group corresponding to the Morava 
K-theory. More precisely, let P(n) be the formal group over the ring Zp[u., u,‘] with 
logarithm 
v,xp” vf +P”xp 2” 
g(x) = x + ~ 
1 +pn+p2nxp)n 
+ 
P2 
+ 
43 
+ 
P 
p3 ... 
Then we have 
THEOREM 3.5. H*(F(n)) = Zp[u,, u; ‘1 [[ul, u2, . . . , U, _ I]], where ui E H’(E(n)) and ui is 
represented as the coboundary of the following power series with rational CoefJicients: 
xpi i+n i xp XPii 2n i+(k-l,n 
iii = - + 0: + Up’+pi+fi 
P 
p2 n -+ 
P3 
... + uf+Pf+“+ +p’+*” xpk+2 1 .., 
P 
ProoJ: From the computation the Morava K-theories of K(Z, 3) by Wilson and Ravenel 
(Cl 11) and the fact that the cohomology of P(n) coincides with the cohomology of the bar 
complex c(P(n)) it follows that 
H*(&),F,) = F,Cv.,vi’lCCu~,u~, . . . ,u,-111. 
Now the Bokstein spectral sequence, being even, collapses, giving the desired result over 2,. 
Consider the formal group vi ‘FV(x, y) over the ring vi ‘BP, as a deformation of F(n) 
with parameters u1,u2, .. . ,u,_ l,v,+l, . . . . The formal group f&i ‘Fy(x,y), where 
f :v,‘BP, + Z(p) c4 3 0, 1 , tIi]/Uf, i < n is an obvious map, is an infinitesimal deformation of 
F(n). The elements f(Ai) are the coefficients of the logarithm of f*v,‘F,(x,y). Now 
Hazewinkel’s formula gives for all n 2 0 
Solving this recursive system in terms of V, and Vi we see that the logarithm of f*u, ‘I-&, y) 
has the form g(x) + u”i. Clearly, the elements u”i form a basis of the space H2(P(n)). Q.E.D. 
Remark. The universal deformation of P(n) is, of course, the Lubin-Tate formal group 
over ZB[u,, 0, ‘1 [[ul, . . . ,u,_ l]]. Its topological analogue is the theory E(n) viewed as 
a deformation of K(n). 
Remark. The explicit formula for u”i was also obtained in [6, Proposition 14.71 by 
a slightly different method. 
Using the preceding theorem we can compute the cohomology of different formal 
groups, naturally related with E(n). For instance, we have 
COROLLARY 3.6. Let II, ‘& be i,(T,) where GAddenotes the completion of BP, at the 
ideal (p, v1 > ... >Gl_?~v,+l,... ) and i:BP, -‘vi’ BP, is the natural inclusion. Then 
H*(u,~&) = z&-‘BPJ&, . . . ,u,-l]]. 
Proof: On the complex C* (anlEV) we have a filtration by powers of the ideal 
(0 1, . . . ,~1,~,+1,...), th e corresponding spectral sequence collapses, giving the result. 
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Notice that the completing is necessary, for the spectral sequence always converges (pro- 
vided there are no lim’-problems) to the cohomology of the completed complex (with 
respect o the given filtration). Q.E.D. 
Remark. There are cohomology theories with formal groups E(n) and u,‘E,. Once 
again we see that the bar spectral sequence for K(Z, 3) collapses and the cohomology of 
K(Z, 3) coincides with the cohomology of the corresponding formal group. 
It is natural to ask, whether the same result holds for the Z(,,-version of F(n) (or vi ‘E,). 
We will now see that there are, in general, many more infinitesimal deformations of a formal 
group over a ZtPj -algebra than those of its completion. 
THEOREM 3.7. Let F(x, y) be a formal group over a Z(,,-algebra A without torsion and 
such that there are no nontrivial homomorphisms from F into the additive formal group over A. 
Denote E(x, y) and A the p-completions of F(x, y) and of A. Then H’(F(x, y)) = H’(fi(x, y)) for 
i # 2 and H2(F(x, y)) = H2(E(x, y)) @ A/A. 
Proof: Associated with the short exact sequence of A-modules 
is the following long exact sequence in cohomology: 
H’(F(x,y)) --t H’(&,Y)) -+ H’(F(x,Y),&~ + H2(W,y)) + H2(h,y)) + ... 
Here H*(F(x, y), A/A) is the cohomology of the complex C*(F(x, y), A/A) whose cochains 
are formal power series with coefficients in A/A and the differential is the same as in 
C*(F(x, Y)). 
The A-module A/A is a Q-vector space, so the (positive-dimensional) cohomology 
of C*(F(x, y), A/A) is concentrated in degree 1 and equal to A/A. The condition that 
there are no homomorphisms from F into the additive group is equivalent o the vanishing 
of the group H’(F(x, y)) since a 1-cocycle of a formal group is, by definition, a 
homomorphism into the additive group. We now show that H’@(x, y)) = 0. Indeed, let 
a 1-cocycle of the group E be represented by a power series f(x) = 1 Nixi, tit E A. But we 
have another (canonical) cocycle with rational coefficients - the logarithm g(x) = C 1ix’. 
Then there exists an element 4 E A @ Q such that C Clixi = 4 C lix’. Without loss of general- 
ity we could assume that 4 E A. We see, that all denominators of ai divide q in the ring A. 
This is possible only if these denominators are bounded, so multiplying g(x) by a suitable 
integer we obtain a nontrivial 1-cocycle of F(x, y), a contradiction. Now the result follows 
from the above long exact sequence together with an observation, that the short exact 
sequence 
0 + A/A -+ H2(F(x, y)) + H2(E(x, y)) + 0 
splits. Q.E.D. 
Remark. Of course, a similar result holds for an arbitrary formal group, one only needs 
to understand A as profinite completion. 
In the next proposition we find representatives of the elements in A/A in the standard 
complex C*(F(x, y)). F is assumed to be p-typical. 
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Remark. Again, suppose, there exists a C-oriented cohomology theory E, with formal 
group F, so E, = A. Then it is easy to see, that all elements in ,!?*/E* are permanent cycles in 
the bar spectral sequence and E*(K(Z, 3)) = E*(K(Z,, 3)) 0 &/E,. 
Let a1,a2, . . . denote a (perhaps topological) Z,-basis of a. Then any element r of A has 
a unique representation as a sum C,(Ci~&pk where pi E Z and 0 < pi < p - 1. Denote 
r(i) the (i - 1)th truncation of r, that is r(i) = xi:‘, (&pLiai)pk. Any element in the group a/A 
can be viewed as a power series Ck (xi piai)pk modulo finite polynomials in p of this form, we 
will denote it by the same letter r. Finally, let g(x) = 1 (gixp’/pi), the logarithm of F. Then we 
have 
PROPOSITION 3.8. The 2-cocycle corresponding to the element r E $A is represented in 
C”(F(x,y)) as the coboundary of the formal power series I”(x) = Ci(r(i,gixPi/pi). 
Proof: We consider the case A = Zcpj, the general case differs only by somewhat clumsy 
notations coming from a noncanonical choice of the basis in A. Also, in the following 
discussion we will need only this special case. 
So, let us consider a 2-cocycle of F(x, y) which becomes cohomologous to 0 after 
completion. We want to prove that it is cohomologous to the boundary of a formal power 
series having the form F(x) for some r E 2. (We hope that there will be no confusion when we 
talk about a nontrivial cocycle which is a coboundary of some cochain that lies in some 
extension of the initial complex.) 
This cocycle is, therefore, the coboundary of the following two power series: 
S(X) = C Six”, Si E Ztpj (by the above property) and T(x) = C(tixPi/pi), ti E ZcpJ (since any 
formal group over Zcpj -algebra is isomorphic to a p-typical one.). We must have 
T(x) - S(x) = 49(x) 
where 4 is some p-adic rational number. We can assume, without loss of generality that 4 is, 
in fact, a p-adic integer and q = q. + qlp + ... its canonical representation. Next, 
ti + Sip’ = 4gi = (40 + 41p + “’ + qi-Ipiml)gi + pigi(4i + “‘)e 
From the last formula we see, that our cocycle is cohomologous to the coboundary of 
6(.x) = xi (~~i~gixpi/pi). Conversely, it is easy to see that for any 4” d(q”) will be Z(,,-integral. 
The proposition is proved. Q.E.D. 
Let us, for example, consider the multiplicative formal group F( 1) over the ring Zcpj with 
logarithm g(x) = x + xP/p + xP2/p2 + ... . From the previous discussion it is clear that 
every 2-cocycle is the coboundary of the power series g”(x) = xi z 1 (acsXPi/pi), where 
(1) a(i) E 6 
(2) 0 < a(i) d pi - 1, 
(3) a(i) E a(i-r,mod(p’-‘). 
Such a cocycle is cohomologous to 0 if and only if limi,, a(i) E Zcpj. Now given G the 
formal power series 
1 + ha(i) 
g,,(x) = g(x) + hs”(x) = x + c pi x 
pi 
i21 
may be taken as a logarithm of a formal group F,,(x, y) over the ring Zcp,[h]/h2. 
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Using Hazewinkel’s formula it is easy to see, that this formal group is classified by the 
homomorphism f : BP, + Z1,,[h]/h2 where 
f(4) = 1 + hq,, 
f (vi) = h 
a(i) - a(i- 1) 
P 
i-l -a(l) 
> 
, i# 1. 
These formulas may, in fact, be considered as defining a formal group over the ring 
ZCPj [h] . Of course, the formula for the logarithm of this group will involve higher powers 
of h. 
Now suppose that the initial (multiplicative) formal group is defined over the ring 
&,,[/I, o-‘1, deg(fi) = - 2(p - 1). The logarithm, therefore, has the form 
2 
g(x)=x+p~+j?‘i’$+ ... 
Everything goes exactly the same way. For the deformed logarithm we have the formula 
gh(x) = x + c fii+P+ ... +P'-' !$? XP'modh2 
i>l 
and 
f(vJ = B(1 + ha& 
f (vi) = hP 1+p+ +p’-’ 
u(i) - u(i- 1) 
Y if 1. 
P 
i-l - u(i) 
Now take a(,, = 0 and introduce a new variable CI = hj? ’ +p Summarizing the preceding .
discussion we have 
PROPOSITION 3.9. For a p-udic integer a such that a = Omodp denote, us above, a(i) its 
(i - 1)th truncation: a(i) = a mod pi. Then associated with a is a formui group f”(x, y) over the 
ring Z(,,[a, /?I where a and j3 have natural grading - 2(p2 - 1) and -2(p - l), respectively, 
and under the classifying homomorphism BP, + Z,, [a, fi] 
auf3 
v2 +- 
P 
v3 + a/3” 2 U(3) - U(2) 
P2 
(1) 
. . . 
Vi -+C$ pz+p3+ +p’-l u(i) - u(i-l) 
P 
i-l 
. . . 
Furthermore, denote fof(x,y) and f,,d(x,y) the completions of f”(x,y) at (a) and (~,a), 
respectively. If a - b E ZCp,, then p- ’ ft(x, y) and /?- ’ ff(x, y) are isomorphic modulo a2 and 
for any a p- ’ f;,&, y) is isomorphic to the multiplicative formal group. 
Next we are going to discuss the deformations and cohomology of the formal group 
corresponding to the nth connective Morava K-theory k(n). We will denote this formal 
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group f(n). More precisely, let f(n) be the formal group over the ring Z(,,[v,] with 
logarithm 
g(x) = x + 
v,xpn vl+p”+ +p’*-““Xp*n _+ . . . + + . . . 
P Pk 
and f(n) its modp reduction. Then we have 
PROPOSITION 3.10. H2(f(n)) = (freeZ,[v,] module on n - 1 generators) 0 Zp[un]/ 
u,@zp[vJ/v;+p”~ . . . . The generator in Z,[v,,]/v~ tp’t “’ +pk”is represented as the coboun- 
dary of 
XP 
CL+,,” ,L + 3” 
g(k)(X) = - 
vp XP’t+*‘” DP,L+*,n+pg+j,nXp,L+3,n 
+ + + . . . 
P P2 P3 
H2(f (n)) is just the reduction of H2(f(n)) modulo p. 
Proof First notice that H2(f(n)) h as no p-torsion. Indeed, all p-torsion in H’@(n)) is 
contained in the images of higher Boksteins bi: H’@(n)) + H2(r(n)), but one sees easily 
that H’@(n)) = 0. It is also clear now that the assertion about H2( f (n)) will follow from the 
one about H2@(n)). 
So H’@(n)) decomposes as a direct sum of a free Z,[v.]-module and a u,-torsion 
module. The free part has already been described in Theorem 3.2 where an explicit formula 
for generators was also given. 
The arguments are similar to the ones in Proposition 3.1; suppose y is a v,-torsion 
cocycle. This means that there exists k such that vky = d(y”). On the other hand, there always 
exists 7~ Z, 0 Q [v,] [x] such that d(y) = y. Hence T/v” - 7 = qg(x) where q, without loss of 
generality, may be assumed to lie in Z,[o,J[x]. From this we see that our cocycle y is 
cohomologous to the coboundary of u1 +p”+ “’+p’-k go,(x) where 1 is the smallest integer such 
that k < 1 + p” + ... + p”‘. The proposition is proved. Q.E.D. 
Remark. We see that unlike the Lubin-Tate infinitesimals the u,-torsion elements in 
H’(j(n)) give rise to the formal groups of height > n. Again, we hope that there is 
a topological realization of this phenomenon. 
SECTION 4 
In this section we discuss certain topological applications of our algebraic results. Recall 
that there are C-oriented cohomology theories E(n), and K(n). E(n) is obtained from the 
spectrum BP by killing the generators v,+ 1, v,+ 2, . . . and then inverting v,. To get the 
spectrum K(n) we have to kill in addition the elements p, q, . . . , u,_ 1. 
Let us choose a p-adic integer a such that a mod p = 0 and a mod p2 # 0. We regard the 
ring Ztp) [a, a- ‘, PI as a BP,-module according to the formulas (1). Then the functor 
ma: X -+ BP,(X) OBp, ZfpjCa,a-1,81 
where X is a spectrum is a homology theory. We denote the corresponding representing 
spectrum by the same letter and qY-its connective cover. Notice that the spectrum @,” 
has multiplicative reduction modulo (p, /3) and the resulting spectrum is isomorphic 
to K(2). 
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Consider now the functor X & @*(X)/(ak) defined on the category of finite spectra. It 
is exact because the ring Zo,) [GI, fl] is Noetherian and, therefore, determines a cohomology 
theory. Denote its representing spectrum by 4:. Proceeding the same way we can define 
spectra @, &,a and &km - the completions of 4” at (/I), (p, /I) and at (p, a). 
THEOREM 4.1. The spectra /?- lr#& split as a wedge of suspensions of K,, the p-completion 
of Adams’s summand of complex K-theory. The spectra &s s lit as a wedge of suspensions of p 
E(2),, - spectrum E(2) completed at the ideal I2 = (p, vl). 
We will need the following 
LEMMA 4.2. Let F(x, y) and F”(x, y) be two (graded) formal groups over a ring A and 
f = x +f1x2 + . ..) fix’ E A a strict isomorphism between them. Suppose also that the 
conditions of the Landweber Exact Functor Theorem hold, so there are two C-oriented 
cohomology theories F and F” and F(X) = MU(X) OMv, Ar, F”(X) = MU(X) OMMu, Ap. 
Here Ar and Ap are two copies of A with different MU,-module structures determined by the 
formal groups F(x, y) and F”(x, y). Then there exists a canonical isomorphism F + F” of 
complex-oriented cohomology theories, taking one complex orientation to the other. 
Proof This is essentially proved by Morava in [S], we repeat briefly his arguments. 
The power series f determines the natural transformation 
[f]:MU(.)@,A+MU@,A. 
By a diagram chase we see that [f] can be pushed down to the natural transformation 
f *:MU(.)OYv, A-+MUQYv,A. 
Then f * establishes the desired natural equivalence between F and P. Q.E.D. 
Returning to the proof of the theorem, notice that according to Proposition 3.2 the 
formal group corresponding to the C-oriented cohomology theory p-l$p. is isomorphic to 
the multiplicative formal group over the ring Z,[p, fi- l, a], that is, to the formal group with 
logarithm 
We may assume this isomorphism to be strict. Now the first part of the theorem follows 
from the lemma. 
From the universal property of the Lubin-Tate formal group it follows that there is 
a canonical morphism 
a9 = zpccmc~;‘l +-qLCBl1C~~~-‘l 
carrying the Lubin-Tate formal group law over E’(2) to 0$(x, y). The application of the 
lemma finishes the proof. Q.E.D. 
In papers [2,12] certain splitting theorems were proved. Consider, for example, the 
spectrum B(n) obtained from BP by killing the regular ideal I, = (p, vl, . . . , v,_ 1) and then 
inverting v,. We want to prove that a suitable completion of B(n) splits as a wedge of 
suspensions of K(n). The proof of theorems like that usually consists of three parts. First, we 
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have to show that the (suitably completed) formal group corresponding to the spectrum 
B(n) is naturally isomorphic to the formal group corresponding to K(n). Then it is necessary 
to make sense of the expression “suitably completed spectrum B(n)“. The final step is 
establishing the natural transformation between two copies of B(n) that carries one C- 
orientation to the other. 
We will show how to perform the first step. Namely, consider the formal group 
F&x, y). The ring of this formal group is ZP[u,, vi I, o,+ r, . . . ] and under the classifying 
morphism PB, +Zp[vn,uR1,vn+l ,... ] 
vk + vk, k 2 n 
vk’0, O<k<n. 
Then we have 
LEMMA 4.3. F&x, y) is a (formally) trivial deformation of E(n). More precisely, consider 
the natural embedding 
f:ZpCw3 +qcw,l,~“+l, ... 11 
then the formal group f,@(n)) is isomorphic to fiBB(“,, the completion of FBC., at the ideal 
(v,+1,v.+2, ... ). 
Proof: View FBC., (x, y) as a deformation of E(n) with parameters v, + 1, v, + *, . . . . Then 
there exists a canonical map 
f 2(n):= Z,[[Q, . . . &111L-w43 +~pccw,l,~n+l~ ... 11 
with v, -+ v, and such that 
f*(Ficn,(x, Y)) = Ffi& Y). 
(FQ,)(x, y) denotes, as usual, the Lubin-Tate formal group.) 
Consider the element f (v,), 1 .S k < n. If this element were not zero, then the group 
F~,,,(x, y) would have height at least k, which cannot be. 
Thus, the maximal ideal in l?(n) gets mapped to 0 and the map f can be factored through 
Z?(n) = Zp[vnr v,‘]. The lemma is proved. Q.E.D. 
All other splitting theorems in [2,12] can be proved (at the formal group level) by the 
same method. 
The last application which we are going to discuss in this paper is a partial computation 
of the S(n)-module structure on K(n)*(K(Z,3)), where S(n) is the nth Morava stabilizer 
group. 
Let k be an algebraic extension of the field F, containing a primitive root of unity of 
degree p” and denote W(k) the corresponding ring of Witt vectors. Let E, be the ring of 
noncommutative formal power series in one variable S with coefficients in W(k) subject to 
the relations S” = p and Sa = a(a)S for a E W(k) and 0 denotes the Frobenius automor- 
phism. Then, by definition, the group S(n) is the subgroup of formal power series starting 
with 1. It can be naturally identified with the group of strict automorphisms of the formal 
group F(n) where the latter is regarded as a formal group over the field k. Namely, to the 
element 
f = i& aiS’ E W (2) 
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where a,, = 1, all other ai are either 0 or roots of unity, there corresponds a power series 
f”= g, &xi (3) 
giving an automorphism of F(n). 
The group S(n) might also be identified with the group of multiplicative operations 
in the theory K(n)*( .) OKtn), k. Namely, the action of f on the generator x E 
K(n)*(CP”) OK(n)* k = k[[x]] is given precisely by the power series (3). 
Recall now that according to [l l] 
~(4*W~,3N@~~n~,k = kCCul> . . . ,un-111 
so it is enough to compute the action of S(n) on generators Ui. We have 
THEOREM 4.4. The action of an element f of the form (2) on Ui is given by the formula 
f (%I = C4ak)%+k + O(U’) (4) 
where O(u’) means elements divisible by u2 and Ui+k isunderstoodtobeOif+k>n-1. 
Proof The algebra of cohomology operations in K(n)-theory clearly acts on the bar 
spectral sequence converging to K(n)*(K(Z, 3)) OKCnj, k and this action is consistent with 
the action of S(n) on H*(F,(x, y)). Now the spectral sequence collapses, so there is a canoni- 
cal S(n)-equivariant identification of H*(F(n)(x, y))) and the graded algebra associated with 
the bar filtration on K(n)*(K(Z, 3)) OKCnj, k. We are going to show that for the element ui 
(considered as a 2-cocycle of the formal group F(n)) the formula (4) holds without the 
correction term 0(u2). The theorem will follow since the bar filtration on K(n)(K(Z, 3)) is 
just the filtration by the powers of the ideal generated by uI, . . . , u,. 
Consider the element Ui E H’(F(n)(x, y)), 0 < i < n - 1. Recall that Ui is represented as 
the coboundary of the power series with rational coefficients u”i, where 
xpi XPi+” xp’+2” 
XP 
r+(k-l)n 
fii=-++++ + ..’ + 
P P P 
k+2 + ... = ;g(xpb). 
P 
Here g(x) denotes, as usual, the logarithm 
n 2” 
g(x)=x+$+$+ ..’ 
Now the element S corresponds to the Frobenius homomorphism (raising to the pth power) 
in the formal group F(n). Hence, 
S(Ui) = u”i(X’) = ~ g(Xpi+‘) = ii+ 1 for i < h - 1 
and 
S(U”_ 1) = ; g(xq = g(x) - x. 
The last term represents an element cohomologous to 0 in Z’(F(n)(x, y)) and it is consistent 
to denote this element u,. Thus, we proved, that Sk(Ui) = Uk+i. Now our statement follows 
from the observation (cf. [6, Proposition 14.71) that the cocycle ui is an eigenvector for an 
element a E k with eigenvalue ~‘(a). Q.E.D. 
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Remark. Notice, that the group S(n) acts on the Lubin-Tate moduli scheme 
Gfw(k)CCu,, ... , u, _ J] fixing the origin (which corresponds to the formal group F,). 
Theorem 4.4 shows that this action has the same infinitesimal part as the action of S(n) on 
K(n)(K(Z, 3)). It would be interesting to investigate whether there is a further relationship 
between (higher order parts of) these actions. The most straightforward guess would be that 
these actions are the same, but we have no evidence to support this so far. 
Notice that in the case of ordinary cohomology we have an analogue of Theorem 4.3. 
Namely, we have to assume that k to be the algebraic closure of F,. Then the group of 
multiplicative operations in H*( . , k) is the group S, consisting of formal power series in one 
variable S having free term 1 with coefficients in k subject to the relation Sa = cr(a)S. The 
power series 1 + S corresponds to the full Steenrod power P = 1 + P’ + P2 + ... . The 
group S, also serves as a group of (strict) automorphisms of the additive formal group 
F:,(X,Y) = x + Y. 
We know that 
H*(K(Z, 3)) = H*(F,(x, y)) = P(Ul, U2, . . . ) 0 E(xo,q, . . . ). 
Now the same arguments as in the preceding theorem show that the formula (4) holds in this 
case also. 
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